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Abstract 

We study Ricci flows of some classes of physically valuable solutions 
in Einstein and string gravity. The anholonomic frame method is ap- 
plied for generic off-diagonal metric ansatz when the field/ evolution 
equations are transformed into exactly integrable systems of partial 
differential equations. The integral varieties of such solutions, in four 
and five dimensional gravity, depend on arbitrary generation and inte- 
gration functions of one, two and/ or three variables. Certain classes 
of nonholonomic frame constraints allow us to select vacuum and/or 
Einstein metrics, to generalize such solutions for nontrivial string (for 
instance, with antisymmetric torsion fields) and matter field sources. 
A very important property of this approach (originating from Finsler 
and Lagrange geometry but re-defined for semi-Riemannian spaces) is 
that new classes of exact solutions can be generated by nonholonomic 
deformations depending on parameters associated to some generalized 
Geroch transforms and Ricci flow evolution. In this paper, we ap- 
ply the method to construct in explicit form some classes of exact 
solutions for multi-parameter Einstein spaces and their nonholonomic 
Ricci flows describing evolutions/interactions of solitonic pp-waves and 
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deformations of the Schwarzschild metric. We explore possible physical 
consequences and speculate on their importance in modern gravity. 

Keywords: Ricci flows, exact solutions, nonholonomic frames, gra- 
vitational solitons, pp-waves, methods of Finsler and Lagrange geom- 
etry, nonlinear connections 

PACS Classification: 

04.20.Jb, 04.30.Nk, 04.50. -fh, 04.90.-|-e, 02.30.Jr, 02.40.-k 
2000 AMS Subject Classification: 

53A99, 53B40, 53C12, 53C44, 83C15, 83C20, 83C99, 83E99 

1 Introduction 

This is the fifths paper in a series of works on nonholonomic Ricci flows 
of metrics and geometric objects subjected to nonintegrable (nonholonomic) 
constraints [U [H [3l H] . It is devoted to explicit applications of new geomet- 
ric methods in constructing exact solutions in gravity and Ricci flow theory. 
Specifically, we shall consider a set of particular solutions with solitonic pp- 
waves and anholonomic deformations of the Schwarzschild metric, defined 
by generic off-diagonal metric^, describing nonlinear gravitational inter- 
actions and gravitational models with effective cosmological constants, for 
instance, induced by string corrections [5] |6] or effective approximations for 
matter fields. We shall analyze how such gravitational configurations (some 
of them generated as exact solutions by geometric methods in Section 4 
of Ref. j7j) may evolve under Ricci flows; on previous results and the so- 
called anholonomic frame method of constructing exact solutions, see works 
[U [g Uni [H [m 13] and references therein. 

Some of the most interesting directions in modern mathematics are re- 
lated to the Ricci flow theory [TH [15] , see reviews [161 IIZl US] • There were 
elaborated a set of applications with such geometric flows, following low 
dimensional or approximative methods to construct solutions of evolution 
equations, in modern gravity and mathematical physics, for instance, for 
low dimensional systems and gravity [19\ [20l [2T\ [22] and black holes and 
cosmology [23| [24]. One of the most important tasks in such directions 
is to formulate certain general methods of constructing exact solutions for 
gravitational systems under Ricci flow evolution of fundamental geometric 
objects. 

In Refs. |25 [ I26 [ [27]. considering the Ricci flow evolution parameter as a 
time like, or extra dimension, coordinate, we provided the first examples 

^ which can not diagonalized by coordinate transforms 
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when physically valuable Ricci flow solutions were constructed following 
the anholonomic frame method. A quite different scheme was considered 
in Ref. [3] with detailed proofs that the information on general metrics 
and connection in Riemann-Cartan geometry, and various generalizations 
to nonholonomic Lagrange-Finsler spaces, can be encoded into bi-Hamilton 
structure and related solitonic hierarchies. There were formulated certain 
conditions when nonholonomic solitonic equations can be constrained to 
extract exact solutions for the Einstein equations and Ricci flow evolution 
equations. 

The previous partner paper was devoted to the geometry of paramet- 
rized nonholonomic frame transforms as superpositions of the Geroch trans- 
forms (generating exact vacuum gravitational solutions with Killing sym- 
metries, see Refs. |28l I29j ) and the anholonomic frame deformations and 
oriented to carry out a program of generating off-diagonal exact solutions 
in gravity \7] and Ricci flow theories. The goal of this work is to show how 
such new classes of parametric nonholonomic solutions, formally constructed 
for the Einstein and string gravity [7], can be generalized to satisfy certain 
geometric evolution equations and define Ricci flows of physically valuable 
metrics and connections. 

The structure of the paper is the following: In section 2, we outline the 
necessary formulas for nonholonomic Einstein spaces and Ricci flows. There 
are introduced the general ansatz for generic off-diagonal metrics (for which, 
we shall construct evolution/ field exact solutions) and the primary metrics 
used for parametric nonholonomic deformations to new classes of solutions. 

In section 3, we construct Ricci flow solutions of solitoninc pp-waves in 
vacuum Einstein and string gravity. 

Section 4 is devoted to a study of parametric nonholonomic tranforms 
(defined as superpositions of the parametric transforms and nonholonomic 
frame deformations) in order to generate (multi-) parametric solitonic pp- 
waves for Ricci flows and in Einstein spaces. 

Section 5 generalizes to Ricci flow configurations the exact solutions 
generated by parametric nonholonomic frame transforms of the Schwarz- 
schild metric. There are analyzed deformations and flows of stationary 
backgrounds, considered anisotropic polarizations on extra dimension co- 
ordinate (possibly induced by Ricci flows and extra dimension interactions) 
and examined flve dimensional solutions with running of parameters on non- 
holonomic time coordinate and flow parameter. 

The paper concludes with a discussion of results in section 6. 

The Appendix contains some necessary formulas on effective cosmologi- 
cal constants and nonholonomic configurations induced from string gravity. 
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2 Preliminaries 



We work on five and/or four dimensional, (5D and/ or 4D), nonliolo- 
nomic Riemannian manifolds V of necessary smooth class and conventional 
splitting of dimensions dim V = n + m for n = 3, or n = 2 and m = 2, de- 
fined by a nonlinear connection (N-connection) structure N = {N^}, such 
manifolds are also called N-anholonomic [8]. The local coordinates are la- 
belled in the form u" = = {x^,x'^,y'^ = v,y^), for i = 1,2,3 and 
i = 2,3 and a, b, ... = 4,5. Any coordinates from a set u" can be for a three 
dimensional (3D) space, time, or extra dimension (5th coordinate). Ricci 
flows of geometric objects will be parametrized by a real x ^ [O^Xo]- Four 
dimensional (4D) spaces, when the local coordinates are labelled in the form 

= (x*, y"), i. e. without coordinate x^, are defined as a trivial embedding 
into 5D ones. In general, we shall follow the conventions and methods stated 
in Refs. [H [7] (the reader is recommended to consult those works on main 
definitions, denotations and geometric constructions). 

2.1 Ansatz for the Einstein and Ricci flow equations 

A nonholonomic manifold V, provided with a N-connection (equiva- 
lently, with a locally fibred) structure and a related preferred system of 
reference, can be described in equivalent forms by two different linear con- 
nections, the Levi Civita V and the canonical distinguished connection, 
d-connection D, both completely defined by the same metric structure 

g = gai3 (u) e'^ ® = gij {u) e' + hab (u) e'* e^ (1) 
e' = dx\ = dy" + Nf{u)dx\ 

in metric compatible forms, Vg = and Dg = 0. It should be noted that, 
in general, D contains some nontrivial torsion coefficients induced by A^" , 
see details in Refs. PElEllIlElElIinillllliailS]. For simplicity, we shah 
omit "hats" and indices, or other labels, and write, for instance, u = {x,y), 
di = d/dx^ and da = d/dy"",... if such simplifications will not result in 
ambiguities. 

In order to consider Ricci fiows of geometric objects, we shall work with 
families of ansatz ^g = g(x), of type ([T]), parametrized by x-, 

g = gidx dx + g2ix ,x ,x)dx ® dx + 53 (x , x , xj (ix dx 
-I-/14 ^x'^, ^^v ® ^6v + h^i^x'^ ,v,x^ ^8y ® ^6y, 

•^dv = dv + Wi ix^ ,v,x) dx^ , ^5y = dy + Ui ix^ ,v,x) dx^ , (2) 
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for gi = ±1, with corresponding flows for N-adapted bases, 

= e^ix) = i^ei = Biix) = di- N^{u, x)da, £«) , (3) 
^e^ = e^{x) = {e\^e- = e-{x) = dy- + N!t{u,x)dx') (4) 

defined by Nf[u,x) = {x^^'^iX) and Nf{u,x) = [x^^v^x) ■ Foi' a-^iy 
fixed value of x, we may omit the Ricci flow parametric dependence. 

The frames satisfy certain nonholonomy (equivalently, anholonomy) 
relations 

[60,6/3] = ea6/3 - e/jBa = W2/^ej, (5) 
with anholonomy coefficients 

Wt = daNt and Wfi = = e,(iVf ) - e,{Nt). (6) 

A local basis is holonomic (for instance, the local coordinate basis) if = 
and integrable, i.e. it defines a fibred structure, if the curvature of N- 
connection VLf- = 0. 

We can elaborate on a N-anholonomic manifold V (i.e. on a manifold 
provided with N-connection structure) a N-adapted tensor and differen- 
tial calculus if we decompose the geometric objects and basic equations 
with respect to N-adapted bases (jl]) and ([3]) and using the canonical d- 
connection D = V + Z, see, for instance, the formulas (A. 17) in Ref. [3] 
for the components of distorsion tensor Z, which contains certain nontrivial 
torsion coefficients induced by "off-diagonal" A^^^". Two different linear con- 
nections, V and D, define respectively two different Ricci tensors, \Raf} and 
R-a/? = [Rij^Ria^Rbj^Sab] (scc (A. 12) and related formulas in [IJ). Even, in 
general, D 7^ V, for certain classes of ansatz and N-adapted frames, we can 
obtain, for some nontrivial coefficients, relations of type = \Rai3- This 
allows us to constrain some classes of solutions of the Einstein and/ or Ricci 
flow equations constructed for a more general linear connection D to define 
also solutions for the Levi Civita connection vH 

For a 5D space initially provided with a diagonal ansatz ([T|), when 
Qij = diag[iil,g2-,gz\ and gab = diag[g4, g^], we considered [25i ^ the non- 

^we note that such equaUties are obtained by deformation of the nonholonomic struc- 
ture on a manifold which change the transformation laws of tensors and different linear 
connections 
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holonomic (normalized) evolution equations (parametrized by an ansatz ([2])) 



d 



-5i 



Rii-X9^i -h,,-^{Nff, (7) 



OX L J 9x 

-K-haa = —2 [Raa — Xhaa), (8) 



dx 

Ra(3 = Ofor (9) 

with the coefficients defined with respect to N-adapted frames ([3j) and ([4]). 
This system of constrained (nonholonomic) evolution equations in a particu- 
lar case is related to families of metrics "^g = ^ga/s e"(8ie^ for nonholonomic 
Einstein spaces, considered as solutions of 

R-a/3 = Ag„/3, (10) 

with effective cosmological constant A (in more general cases, we can con- 
sider effective, locally anisotropically polarized cosmological constants with 
dependencies on coordinates and x '■ such solutions were constructed in Refs. 
|101 [8] ) . For any solution of (jlOp with nontrivial 

ga/j = [±l,g2,3{x'^,x^),hi,5{x'^,x^,v)] and W2,3{x'^,x^,v),n2,3ix'^,x^,v), 

we can consider nonholonomic Ricci flows of the horizontal metric compo- 
nents, g2^3{x'^,x^) (72,3(2;^, x^, x); and of certain N-connection coefficients 
n'2,3{x'^ , x^ ,v) n2,3(x^, x^, V, x); constrained to satisfy the equation ([7]), 
i.e. 

d 

— [52,3(x^ x^ x) + h5{x^,x^,v) (n2,3(x^ x^,v, x)f] = 0. (11) 

Having constrained an integral variety of flO\i in order to have R^^ = | R^p 
for certain subclasses of solutions El, the equations (|lip define evolutions of 
the geometric objects just for a family of Levi Civita connections -^V. 

Computing the components of the Ricci and Einstein tensors for the 
metric ^ (see details on tensors components' calculus in Refs. [I0l[8]), one 
proves that the equations (jlOh transform into a parametric on x system of 



^this imposes certain additional restrictions on 722,3 and (72,3, see discussions related to 
formulas (A.16)-(A.20) and explicit examples for Ricci flows stated by constraints (49), 
or (74) in Ref. [1]); in the next sections, we shall consider explicit examples 
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partial differential equations: 



Rl 



q4 



1 



2g2{x)93{xy (x) 



i?4j(x) = -mix) 

where, for /i| 5 / 0, 



= RUx) = 

ialix)? 
293 (x) 

5^^^ 2h,{x)h^{x) 
Kix) {ln^\h,ix)h,ix)\] 

Pix) aiix) 



+ 

{9'2{X)? 
253 (X) ' 2<72(x) 



(12) 



92 (x)] 



1 



2/15 (X) 2/i5(x) 



0, 



-A, 



/^5(X) 

2/14 (x) 



[nr(x) + 7(xK(x)] = o, 



a,; 



7 



2/15 



^, <^ = ln| 
n,4 



(13) 
(14) 

(15) 

(16) 
(17) 



when the necessary partial derivatives are written in the form a' = da jdx^ , 
a' = da/dx^, a* = da/dv. In the vacuum case, we shall put A = 0. Here we 
note that the dependence on x can be considered both for classes of functions 
and integrations constants and functions defining some exact solutions of 
the Einstein equations or even for any general metrics on a Rimann-Cartan 
manifold (provided with any compatible metric and linear connection struc- 
tures). 



For an ansatz 



with g(2(x^,x^,x) = e2e'^*-^ and g2{x'^ , , x) 



gggV'C^ we can restrict the solutions of the system (|12p - (|15p to define 

Ricci flows solutions with the Levi Civita connection if the coefficients satisfy 
the conditions 



w'2 



e2V'"(x) + e3V' (x) 
hl(j)/h4,h5 

■ ^3 + — W2W^ 

n2ix) -nlix) 



A 
A, 
0, 
0, 



(18) 



for 



for i 



= chj) / (p* , where ip = 
2,3, see formulas (49) in Ref. 



In 



\/\hih^\/\hl\ 



(19) 



7 



2.2 Five classes of primary metrics 

We introduce a list of 5D quadratic elements, defined by certain primary 
metrics, which will be subjected to parametrized nonholonomic transforms 
in order to generate new classes of exact solutions of the Einstein and Ricci 
flow equations, i.e. of the system p^ - (fT5]) and ([TO]) with possible additional 
constraints in order to get geometric evolutions in terms of the Levi Civita 
connection V. 

The first type quadratic element is taken 

6sf^ = eidx^ - df - r^iC) - r'^{i) sin^ d dcp"^ + vj^{C) dt^ , (20) 

where the local coordinates and nontrivial metric coefficients are parametriz- 
ed in the form 

= x,a;2 = e,x3 = i?,/ = <^,/ = t, (21) 
gi = ei = ±1, g2 = -1, gs = -r^{0, ^4 = -r^iO sin^ h = ^^(0> 



for 



dr 



1-^ + ^ 

2 

1^ fy*^ 



and w (rj = 1 1 — ^. 



For the constants e ^ and n being a point mass, the element ()20p de- 
fines just a trivial embedding into 5D (with extra dimension coordinate 
x) of the Schwarzschild solution written in spacetime spherical coordinates 

The second quadratic element is 
5sf2] = -r| V - dP + gS) + dx^ + h ^) dt\ (22) 
where the local coordinates are 

= ^,x^ = i9, = I, / = X, / = t, 

for 



d-d = d-d/ sm.'d, d| = dr / r \ \ — 2^ / r + e / r'^\, 



^For simplicity, we consider only the case of vacuum solutions, not analyzing a more 
general possibility when e = is related to the electric charge for the Reissner-Nordstrom 
metric (see, for example, [30]). In our further considerations, we shall treat e as a small 
parameter, for instance, defining a small deformation of a circle into an ellipse (eccentric- 

ity). 
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and the Schwarzschild radius of a point mass ^ is defined = 2G[4]/i/c^, 
where G[4] is the 4D Newton constant and c is the hght velocity. The 
nontrivial metric coefficients in (|22p are parametrized 

91 = -rg, 92 = -rg, gs = -l/sm'^'&, (23) 
hi = ei, /i5 = [l - 2^/r + e/r2] /r^sin^t?. 

The quadratic element defined by (j22p and (j23p is a trivial embedding into 
5D of the Schwarzschild quadratic element multiplied to the conformal factor 
(rsint?/rg)^ . We emphasize that this metric is not a solution of the Einstein 
or Ricci flow equations but it will be used in order to construct parametrized 
nonholonomic deformations to such solutions. 

We shall use a quadratic element when the time coordinate is considered 
to be "anisotropic", 

Jsfg] = -r| dip'^ - r] M'^ + 53(1?) di^ + hi i?) dt^ + ei dx^ (24) 

where the local coordinates are 

= = ^, = i, / = t, = X, 

and the nontrivial metric coefficients are parametrized 

91 = -r], 92 = -r% h = -1/ sin^ (25) 
hi = [1 - 2^/r + e/r2] /r^sin^i?, /15 = ei. 

The formulas (j24p and (j25p are respective reparametrizations of (j22p and (j23p 
when the 4th and 5th coordinates are inverted. Such metrics will be used for 
constructing new classes of exact solutions in 5D with explicit dependence 
on time like coordinate. 

The forth quadratic element is introduced by inverting the 4th and 5th 
coordinates in ([20|) 

(5sf4] = eidx"^ - df - d^'^ + dt^ - ^^(0 sin^ ^ dip^ (26) 

where the local coordinates and nontrivial metric coefficients are parametriz- 
ed in the form 

= x,a;2 = e,a;3 = i?,/ = t,/ = (^, (27) 
h = ei = ±1, 92 = -1, 53 = -r^{i), h = h = -r\0 sm' ^- 

Such metrics can be used for constructing exact solutions in 4D gravity and 
Ricci flows with anisotropic dependence on time coordinate. 
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Finally, we consider 



Js^gj = ei dx^ — dx^ — dy^ — 2k{x, y,p) dp^ + dv"^ / 8k{x , y , p) , (28) 

where the local coordinates are 

x'^ = X, = X, x^ = y, y^ = p, y^ = v, 

and the nontrivial metric coefficients are parametrized 

gi = ei = ±1, g2 = -1, 53 = -1, (29) 
/i4 = -2K{x,y,p), h5 = 1/ 8 K{x,y,p). 

The metric ([28]) is a trivial embedding into 5D of the vacuum solution of 
the Einstein equation defining pp-waves [38] for any K{x,y,p) solving 

with p = z + t and v = z — t, where (x, y, z) are usual Cartesian coordinates 
and t is the time like coordinates. The simplest explicit examples of such 
solutions are 

K = (x^ — y^) sinp, 
defining a plane monochromatic wave, or 

xy 



(x^ + y^)^ exp [pq — p2 
0, for \p\ > po, 



-, for \p\ < Po; 



defining a wave packet travelling with unit velocity in the negative z direc- 
tion. 



3 Solitonic pp— Waves and String Torsion 

Pp"Wave solutions are intensively exploited for elaborating string models 
with nontrivial backgrounds |3 H 132 ] [33]. A special interest for pp~waves in 
general relativity is related to the fact that any solution in this theory can 
be approximated by a pp-wave in vicinity of horizons. Such solutions can 
be generalized by introducing nonlinear interactions with solitonic waves 
[12] [3^ l35l [36] [37] and nonzero sources with nonhomogeneous cosmological 
constant induced by an ansatz for the antisymmetric tensor fields of third 
rank, see Appendix. A very important property of such nonlinear wave 
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solutions is that they possess nontrivial hmits defining new classes of generic 
off-diagonal vacuum Einstein spacetimes and can be generalized for Ricci 
flows induced by evolutions of N-connections. 
In this section, we use an ansatz of type ([2]), 

5sL = ei - e'^^^'f'^) {dx^ + dy^) (30) 



-2k[x, y,p) m{x,y,P)op + — -dv 

8K{x,y,p) 

5p = dp + W2{x,y,p)dx + 'W3{x,y,p)dy, 
Sv = dv + n2(x,y,p,x)dx + n3{x,y,p,x)dy 

where the local coordinates are 

x^ = >c, x} = X, X? = y, y^ = p, y^ = v, 

and the nontrivial metric coefficients and polarizations are parametrized 

gi = ei = ±1, g2 = -1, h = -1, 

hi = -2K{x,y,p), hr, = 1/ 8K{x,y,p), 

For trivial polarizations rja = 1 and W2,2, = 0, n2,3 = 0, the metric ([30]) is 
just the pp-wave solution ([28]) . 



3.1 Ricci flows of solitonic pp— wave solutions in string grav- 
ity 

Our aim is to define such nontrivial values of polarization functions when 
r]5{x,y,p) is defined by a 3D soliton r](x,y,p), for instance, as a solution of 
solitonic equation 

rj" + e(r/' + 6r/ ry* + r]***)* = 0, e = ±1, (31) 
and f]2 = 113 — e^*-^'^'-^-* is a family solutions of (I12p transformed into 

r'ix)+r{x) = ^- (32) 

The solitonic deformations of the pp-wave metric will define exact solutions 
in string gravity with ff-fields, see in Appendix the equations (|A.3P and 
()A.4p for the string torsion ansatz (jA.Sp . when with A = Xh^ 



^as a matter of principle we can consider that (j> is a solution of any 3D solitonic, or 
other, nonlinear wave equation. 
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Introducing the above stated data for the ansatz ()30p into the equation 
p^ l^ we get two equations relating = riJi^ and = rj^h^, 



and 



775 = 8 K{x,y,p) 

^-2cf>(x,y,p) 



1% 



(33) 



(34) 



2K^{x,y,p) 

where h^Q\^{x,y) is an integration function. Having defined the coefficients 
ha , we can solve the equations (fTi]l and (fTSj) expressing the coefficients (fTGl) 
and (fT7|) through r/4 and 7/5 defined by pp- and solitonic waves as in 
and (I33p . The corresponding solutions are 



lUl = 0,tt;2 = (</>*) ^(9a;0,l«3 = (</>*) ^ C?a:(/>, 

for (p* = d(j)/dp, see formulas ([T9]) and 



3/2 



dp, 



(35) 



(36) 



where n2"3(x,y,x) and n2^3(x,y,x) are integration functions, restricted to 

2^(-,y,x) h5ix,y,p) (n™ (x,y,x) (37) 



satisfy the conditions ([TT 



+nkJ3(a:;,y,x) / mix, y,p)V5 ix,y,p) dp) ] = 0. 



We note that the ansatz (j30j) . without dependence on x and with the 
coefficients computed following the equations and formulas ([52]) . 
()35p and (j36p . defines a class of exact solutions (depending on integration 
functions) of gravitational field equations in string gravity with //-field. For 
corresponding families of coefficients evolving on x and constrained to satisfy 
the conditions (j37p we get solutions of nonholonomic Ricci flow equations 
dZ])-® normalized by the effective constant Xh induced from string gravity. 

Putting the above stated functions t/^, k, (p and 7/5 and respective integra- 
tion functions into the corresponding ansatz, we define a class of evolution 



®such solutions can be constructed in general form (see, in details, the formulas (26)- 
(28) in Ref. [4], for corresponding reparametrizations) 
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and/or gravity field solutions, 



6s 



sol2] 



ei dx^ - e^(^) (dx^ + dy^ 



8k 



dp + {(j)*y^ d^(i) dx + dy(t) dy, 



(38) 



dp > dx 



6p 



where some constants and multiples depending on x and y are included into 



dp } dy, 



n. 



[1] 
2,3 



X, y, x) and we emphasize the dependence of coefficients on Ricci flow 
parameter x- Such families of generic off-diagonal metrics posses induced 
both nonholonomically and from string gravity torsion coefficients for the 
canonical d-connection (we omit explicit formulas for the nontrivial compo- 
nents which can be computed by introducing the coefficients of our ansatz 
into (|A.2p ). This class of solutions describes nonlinear interactions of pp- 
waves and 3D solutions in string gravity in Ricci flow theory. 

The term ei dx^ can be eliminated in order to describe only 4D config- 
urations. Nevertheless, in this case, there is not a smooth limit of such 4D 
solutions for — >■ to those in general relativity, see the second singular 
term in ([33|) . proportional to 1/A|^. 

Finally, note that explicit values for the integration functions and con- 
stants can be defined (for a fixed system of reference and coordinates) from 
certain initial value and boundary conditions. In this work, we shall analyze 
the properties of the derived classes of solutions and their multi-parametric 
transforms and geometric flows working with general forms of generation 
and integration functions. 



3.2 Solitonic pp— waves in vacuum Einstein gravity and Ricci 
flows 

In this section, we show how the anholonomic frame method can be used 
for constructing 4D metrics induced by nonlinear pp-waves and solitonic 
interactions for vanishing sources and the Levi Civita connection. For an 
ansatz of type (f30l) . we write 

?75 = 5k6^ and r/4 = /io(6*)^/2k. 
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A 3D solitonic solution can be generated if b is subjected to the condition 
to solve a solitonic equation, for instance, of type (|3ip . or other nonlinear 
wave configuration. We chose a parametrization when 

b{x,y,p) = b{x,y)q{p)k{p), 

for any b{x, y) and any pp-wave = k{x^ y)k{p) (we can take b = k), 

where q{p) = 4tan~^(e^^) is the solution of "one dimensional" solitonic 
equation 

q**=smq. (39) 

In this case, 

W2 = [(In |gA;|)*]"^ In \b\ and W3 = [(In \qk\yr^ dy In \b\. (40) 

The final step in constructing such vacuum Einstein solutions is to chose 
any two functions n2^3{x,y) satisfying the conditions = rig = and 
— n* = which are necessary for Riemann foliated structures with the 
Levi Civita connection, see discussion of formulas (42) and (43) in Ref. [1] 
and conditions p8|) . This mean that in the integrals of type (|36|) we shall 
fix the integration functions 77-2^3 = but take such n2\{x,y) satisfying 

(nri)'-(nr)-=o. 

We can consider a trivial solution of (jl2p . i.e. of (j32p with A = Xh = 0. 
Summarizing the results, we obtain the 4D vacuum metric 

Kol2a] = -{dx^+dy^)-hlb\qkTf5p' + b\qkf5v\ 

6p = dp + [{In \qk\y In \b\ dx+ [{In \qk\)*y^ dy In \b\ dy, 

6v = dv + 71^2^ dx + nf^ dy , (41) 

defining nonlinear gravitational interactions of a pp-wave k = kk and a 
soliton q, depending on certain type of integration functions and constants 
stated above. Such vacuum Einstein metrics can be generated in a similar 
form for 3D or 2D solitons but the constructions will be more cumbersome 
and for non-explicit functions, see a number of similar solutions in Refs. 

Now, we generalize the ansatz (j4ip in a form describing normalized Ricci 
flows of the mentioned type vacuum solutions extended for a prescribed 
constant A necessary for normalization. We chose 

Koi2a] = - {dx' + dy') - hlbHx)[{qkr?Sp' + bHx){qkfSv\ 
6p = dp + [{In \qk\y d-^ In \b\ dx+ [{In \qk\yr^ dy In \b\ dy, 
6v = dv + n}2\x)dx + nf\x)dy, (42) 
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where we introduced the parametric dependence on x-, 

b{x,y,p,x) = Hx,y,x)q{p)Hp) 

which ahows us to use the same formulas ()40p for W3^4^ not depending on x- 
The values and ?t-2''(x) are constrained to be solutions of 

= -2A and -^P = 2XP (43) 

in order to solve, respectively, the equations ([7]) and ([8]). As a matter of prin- 
ciple, we can consider a flow dependence as a factor 'i/'(A) before (dx^ + dy^) , 
i.e. flows of the h-components of metrics which will generalize the ansatz 
(j42p and constraints (j43p . For simplicity, we have chosen a minimal exten- 
sion of vacuum Einstein solutions in order to describe nonholonomic flows 
of the v-components of metrics adapted to the flows of N-connection coef- 
ficients n2''3(x)- Such nonholonomic constraints on metric coefficients define 
Ricci flows of families of vacuum Einstein solutions defined by nonlinear 
interactions of a 3D soliton and a pp-wave. 

4 Parametric Transforms and Flows and Solitonic 
pp— Wave Solutions 

There are different possibilities to apply parametric and frame trans- 
forms and define Ricci flows and nonholonomic deformations of geometric 
objects. The flrst one is to perform a parametric transform of a vacuum 
solution and then to deform it nonholonomically in order to generate pp- 
wave solitonic interactions. In the second case, we can subject an already 
nonholonomically generated solution of type (j4ip to a one parameter trans- 
forms. Finally, in the third case, we can derive two parameter families of 
nonholonomic soliton pp-wave interactions. For simplicity, Ricci flows will 
be considered after certain classes of exact solutions of field equations will 
have been constructed. 

4.1 Flows of solitonic pp— waves generated 
by parametric transforms 

Let us consider the metric 

JsLi = -dx'^ - dy"^ - 2k{x,y) dp^ + dv'^/8k{x,y) (44) 



o 

(9v 
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which is a particular 4D case of (j28p when n{x,y,p) k{x,y). It is easy to 
show that the nontrivial Ricci components Ra/3 for the Levi Civita connec- 
tion are proportional to k'* + k," and the non-vanishing components of the 

curvature tensor Rap-^s are of type Raihi — Ra2h2 — \l {f^**)^ + {f^*')^ ■ So, 
any function k solving the equation k'* + k" = but with (k**)^ + (k*')^ 7^ 

defines a vacuum solution of the Einstein equations. In the simplest case, 
we can take k = — y'^ ox k = xy / \/ x'^ + y'^ like it was suggested in the 
original work [38], but for the metric (j44p we do not consider any multiple 
q{p) depending on p. 

Subjecting the metric ()44p to a parametric transform, we get an off- 
diagonal metric of type 

"^sLl = -V2{x,y,0)dx^ + ri3{x,y,e)dy^ (45) 



-2K{x,y) ri4{x,y,e,x)0p H :—dv , 

8K(x,y) 



Sp = dp + W2{x,y,6)dx + W3{x,y,9)dy, 
5v = dv + n2{x,y,9,x)dx + n'i{x,y,e,x)dy 

which may define Ricci fiows, or vacuum solutions of the Einstein equations, 
if the coefficients are restricted to satisfy the necessary conditions. Such 
parametric transforms consist a particular case of frame transforms when 
the coefficients Qgfi are defined by the coefficients of (f44l) and °'gap are given 
by the coefficients (|45p . The polarizations ijsix , y , , x) and N-connection 
coefficients un{x, y, 9) and nq{x, y,9,x) determine the coefficients of the ma- 
trix of parametric, or Geroch, transforms (for details on nonholonomic gen- 
eralizations and Geroch equations, see section 4.2 and Appendix B in Ref. 
[5 and sections 2.2 and 3 in Ref. |7]; we note that in this work we have an 
additional to 9 Ricci fiow parameter x)- 

Considering that r/2 7^ 00 we multiply (I45p on conformal factor (?72)~^ 
and redefining the coefficients as 773 = r]3/r]2,'t]a = "Ha/ 112, Wa = Wa and 

= for £ = 2, 3 and a = 4, 5, we obtain 

5s\2a] = -dx"^ + fjs{x,y,9)dy^ (46) 

o^/ N ^ / a \f: 2 , V5{x,y,9,x) 2 

-2K{x,y) 'n4[x,y,9,x)0p H ^^77 :—dv 

8K[x,y) 

Sp = dp + W2{x,y,9)dx + W3{x,y,9)dy, 
Sv = dv + n2{x,y,9,x)dx + h3{x,y,9,x)dy 



7 



ri2 —* 1 and r^s 1 for infinitesimal parametric transforms 
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which is not an exact solution but can be nonholonomicahy deformed into 
exact vacuum solutions by multiplying on additional polarization param- 
eters. Firstly, we first introduce the polarization r]2 = expip{x,y,9,x) 
when % = % = — exp'ip{x,y,6,x) are defined as families of solutions of 
'^"(x) +^"ix) = ^- Then, secondly, we redefine j]a — > rja^x^y^p^x) (for' 
instance, multiplying on additional multiples) by introducing additional de- 
pendencies on "anisotropic" coordinate p such a way when the ansatz ()46p 
transform into 

5sl. = -e^i^'y^'^'X) (^dx'^ + dy^) (47) 



2 , V5{x,y,p,0) 2 



-2k{x,y)k{p) ri4^{x,y,p,e)6p + ' ' ' 6v 

8K{x,y)k{p) 



5p = dp + W2{x,y,p,9)dx + W3{x,y,p,9)dy, 
Sv = dv + n2{x,y,9,x)dx + n3{x,y,6,x)dy. 

The "simplest" Ricci flow solutions induced by flows of the h~metric and 
N-connection coefficients are 

wi = 0,W2ie) = {(t>*)-^ d^<t),wm = {<P*r^d,cj), (48) 
for (j)* = d(p/dp, see formulas (fT9|) . and 

n2,3 = n%{x,y,e,x) +n^^!3i^,y,e,x) J \m{0)V5''^\e)\dp, (49) 

where ri2\{x^ 2/> > ^> x) and 77.2^3(2;, y, , 6, x) are constrained as pT|) . 

-^[-e^^'='^^''^^+mix,y,P,e) hix,y,p) in^^lix,y,e,x) (50) 
OX 



-fra^(x,y,6',x) J m{x,y,P,0)r]^ {x,y,p,e) dp) ] = 0. 

The difference of formulas (j48p , (j49p and (|50p and respective formulas (|35p , 
()36p and (j37p is that the set of coefficients defining the nonhlonomic Ricci 
flow of metrics (j47p depend on a free parameter 9 associated to some 'pri- 
mary' Killing symmetries like it was considered by Geroch [28]. The analogy 
with Geroch's (parametric) transforms is more complete if we do not con- 
sider dependencies on x and take the limit A — > which generates families, 
on 9, of vacuum Einstein solutions, see formula (105) in Ref. [7]. 

In order to define Ricci flows for the Levi Civita connection, with = 
—2kkT]4 and (75 = r]^/8k.k from (j47p . the coefficients of this metric must solve 



17 



the conditions (jlSp . when the coordinates are parametrized = x,x^ = 
UiU^ = P a-nd = v. This describes both parametric nonholonomic trans- 
form and Ricci flows of a metric (j44p to a family of evolution/ field exact 
solutions depending on parameter 6 and defining nonlinear superpositions 
of pp-waves k = k{x,y)k{p). 

It is possible to introduce solitonic waves into the metric (j47p . For in- 
stance, we can take r?5(x, y,p, 9) ~ qip), where q{p) is a solution of solitonic 
equation (j39p . We obtain nonholonomic Ricci flows of a family of Einstein 
metrics labelled by parameter 6 and defining nonlinear interactions of pp- 
waves and one-dimensional solitons. Such solutions with prescribed ip = 
can be parametrized in a form very similar to the ansatz ()4ip . 

4.2 Parametrized transforms and flows of nonholonomic soli- 
tonic pp— waves 

We begin with the ansatz (j4ip defining a vacuum off-diagonal solution. 
That metric does not depend on variable v and possess a Killing vector d/dv. 
It is possible to apply the parametric transform writing the new family of 
metrics in terms of polarization functions, 

-rj2{0') dx^+m{0') dy^-r,4{e') hpHqkyfdp^ 

+V5{0') h\qk)Hv\ 
dp + 4(9') [{In \qk\y]-^ In \b\ dx 
+4(9') [iln\qk\r]-' dy\n\b\ dy, 

dv + 4{9')n^^Ux + 4{9')n^^Uy, (51) 

where all polarization functions r]s{x,y,p,9') and ri~:{x,y,p,9') depend on 
anisotropic coordinate p, labelled by a parameter 9' . The new class of solu- 
tions contains the multiples q{p) and k{p) defined respectively by solitonic 
and pp-waves and depends on certain integration functions like ?7p'(x,y) 
and integration constant h^. Such values can defined exactly by stating an 
explicit coordinate system and for certain boundary and initial conditions. 

It should be noted that the metric ()5ip can not be represented in a form 
typical for nonholonomic frame vacuum ansatz for the Levi Civita connec- 
tion (i.e. it can not be represented, for instance, in the form (78) with the 
coefficients satisfying the conditions (79) in Ref. [?])• This is obvious be- 
cause in our case 7]2 and ??3 may depend on ansiotropic coordinates p, i.e. our 
ansatz is not similar to ([2]), which is necessary for the anholonomic frame 
method. Nevertheless, such classes of metrics define exact vacuum solutions 



[som'] — 
6p = 
5v = 
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as a consequence of the Geroch method (for nonholonomic manifolds, we call 
it also the method of parametric transforms) . This is the priority to consider 
together both methods: we can parametrize different type of transforms by 
polarization functions in a unified form and in different cases such polar- 
izations will be subjected to corresponding type of constraints, generating 
anholonomic deformations or parametric transforms. 

Nevertheless, we can generate nonholonomic Ricci flows solutions from 
the very beginning, considering such flows, at the first step of transforms, for 
the metric (I4ip . prescribing a constant A necessary for normalization, which 
result in ()42p and at the second step to apply the parametric transforms. 
After first step, we get an ansatz 



which allows us to use the same formulas ()40p for w^^i not depending on x- 



obtained by introducing ([52] into d?]) . The second step is to introduce polar- 
izations functions r]s{x, y,p, 6') and rjS^x, y,p, 6') for a parametric transform, 
which is possible because we have a Killing symmetry on d/dv and ()52p is 
an Einstein metric (we have to suppose that such parametric transforms 
can be defined as solutions of the Geroch equations [3 |28] for the Einstein 
spaces, not only for vacuum metrics, at least for small prescribed cosmolog- 
ical constants). Finally, we get a two parameter metric, on 9' and x. 



+m{e')h\x){qk)Hv\ 

5p = dp + rj\{e')[{\n\qk\y]-^ d:rM\b\ dx 
+4{e') [{\n\qk\r]-^ dy\n\b\ dy, 

6v = dv + 4{e')n^^\x)dx + 4{e')n^^\x)dy, 




(52) 



b{x,y,p,x) = k^,y,x)q{p)Hp) 
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with the nonholonomic Ricci flow evolution equations 



d_ 



{-m,3{x,y,p,x,^') + 



r]5{x,y,p,0')b {x,y,x){q{p)k{p)) ril{x,y,p,e')ii}A{x,y,x) } = 0, 



to which one reduces the equation ([7]) by introducing (l52]) . Such parametric 
nonholonomic Ricci flows can be constrained for the Levi Civita connection 
if we consider coefficients satisfying certain conditions equivalent to (llSp and 
(jl9p . imposed for the coefficients of auxiliary metric (|52p . when 



m{x,y,x) 
are constrained to 



ch(f)/(j)*, where Lp = — In 
nfjs{x,y,x) 



V\hJ^\/\K\ 



r'ix)+i^ ix) = -> 

hl<j)/h4^h5 = A, 

W2 — W* + 103-0)2 — 'W2W^ = 0, 

'^2(x) - nlix) = 0. 



In a more general case, we can model Killing — Ricci flows for the canonical 
d-connections. 



4.3 Two parameter nonholonomic solitonic pp— waves and 
flows 

Finally, we give an explicit example of solutions with two parameter 
(9' , 9)-metncs (see definition of such frame transform by formulas (81) in 
Ref. [Yj and (69) in Ref. [4j). We begin with the ansatz metric °g[2a]iG) (BZl) 
with the coefficients subjected to constraints (fT8]l for A — > and coordinates 
parametrized = = = p and y^ = v. We consider that the 

solitonic wave (p is included as a multiple in r/5 and that k = k{x,y)k{p) is 
a pp-wave. This family of vacuum metrics °E[2a]i^) does not depend on 
variable v, i.e. it possess a Killing vector d/dv, which allows us to apply a 
parametric transform as we described in the previous example. The resulting 
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two parameter family of solutions, with redefined polarization functions, is 
given by the ansatz 

^^[2a] = -e^'~'''y''H%{x,y,p,e')dx^ + r],{x,y,p,9')dy^) (54) 

-2k{x, y)k{p) r/4(x, 9)ri^{x, y, p, e')5p^ 

_^ V5{x,y,p,0)r]5{x,y,p,e') 
8k{x,y)k{p) 

Sp = dp + W2{x,y,p,e)r]2{x,y,p,e')dx + W3{x,y,p,e)r]j{x,y,p,e')dy, 
Sv = dv + n2{x,y,e)r]2{x,y,p,9')dx + ns{x,y,0)r]l{x,y,p,6')dy. 

The set of multiples in the coefficients are parametrized following the con- 
ditions: The value k{x, y) is just that defining an exact vacuum solution 
for the primary metric (j44p stating the first type of parametric transforms. 
Then we consider the pp-wave component k{p) and the solitonic wave in- 
cluded in rj^{x,y,p,9) such way that the functions ^Z', ?/4,6 5 '"^2,3 and 71-2,3 are 
subjected to the condition to define the class of metrics (I47p . The metrics are 
parametrized both by 6, following solutions of the Geroch equations (see, for 
instance, the Killing (8) and (9) in Ref. [4]), and by a N-connection splitting 
with W2,3 and n2,3, all adapted to the corresponding nonholonomic defor- 
mation derived for 52 (^) = 53 (^) = e^^^^ and 54 = 2kk rj^ and = rj^/Skk 
subjected to the conditions (fTH]) ). This set of functions also defines a new 
set of Killing equations, for any metric (j47p allowing to find the "over lined" 
polarizations rf^{9') and rfi{6'). 

For compatible nonholonomic Ricci fiows of the h-metric and N-connec- 
tion coefficients, the class of two parametric vacuum solutions can be ex- 
tended for a prescribed value A and new parameter x, 

^^[2a,x] = -e^^''''''''''Hv2{x,y,p,0',x)dx^ + V3ix,y,P,9',x)dy'') 
-2k{x, y)k{p)r]4{x, y,p, 9)r]^{x, y,p, e')5p^ 
_^ 7?5 {x, y, p, e)rj^ ix,y,p, 9') ^^^^ ^55^ 
8k{x,y)k{p) 
5p = dp + W2{x,y,p,9)r]2{x,y,p,9')dx 

+W3{x, y,p, 9)r]l{x, y,p, 9')dy, 
Sv = dv + n2{x,y,9,x)fjl{x,y,p,9',x)dx 
+n3{x, y, 9, x)vUx, y,P, O', x)dy, 
where, for simplicity, we redefine the coefficients in the form 

?j2ix,y,p,9',9,x) = e'^("'^'^'^)ry2(x,y,p,0',x) = 
Ux,y,P,e',9,x) = e^'^^'y'''^^r]3{x,y,p,9',x), 
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mix, y,p,o',o) 

rj5{x,y,p,0',e) 
W2,z{x,y,p,6' ,e) 



r]i{x,y,p,0)ri4{x,y,p,e'), 
m{x,y,p,0)f]r,{x,y,p, 6'), 
W2,3{x, y,p, 0)r]lsix, y,P, 9'), 

n2,3{x, y, 9, x)??2,3(^> y^p^ x)- 



Such polarization functions, in general, parametrized by {9',6,x), allow us 
to write the conditions ([7|) for the classes of metrics (|55p in a compact form, 



d_ 

dx 



0, 



where, for simplicity, we emphasized only the parametric dependencies. 

For the configurations with Levi Civita connections, we have to consider 
additional constraints of type ([TH]) . 



-A 



r]2'ix)+r]2 ix) 

hl<j)/hih5 

W2 — wl + 'W3W2 — W2W^ 

n'2{x, y, 9', 9, x) - nl{x, y, 9', 9, x) 



A, 
0, 




for 



-2k{x, y)k{p)r]4,{x, y,p, 9', 9), = rj^{x, y,p, 9', 9)/8k{x, y)k{p), 
chip/ip*, where ^ = - In vIMisl/l^sl 
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The classes of vacuum Einstein metrics (|54|) and their, normalized by 
a prescribed A, nonholonomic Ricci flows (j55p . depend on certain classes 
of general functions (nonholonomic and parametric transform polarizations 
and integration functions). It is obvious that they define two parameter 
(9', 9) nonlinear superpositions of solitonic waves and pp-waves evolving 
on parameter x- From formal point of view, the procedure can be iterated 
for any finite or infinite number of ^-parameters not depending on coordi- 
nates (in principle, such parameters can depend on flow parameter, but we 
omit such constructions in this work). We can construct an infinite number 
of nonholonomic vacuum states in gravity, and their possible Ricci flows, 
constructed from off-diagonal superpositions of nonlinear waves. Such two 
transforms do not commute and depend on order of successive applications. 

The nonholonomic deformations not only mix and relate nonlinearly two 
different "Killing" classes of solutions but introduce into the formalism the 
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possibility to consider flow evolution configurations and other new very im- 
portant and crucial properties. For instance, the polarization functions can 
be chosen such ways that the vacuum solutions will posses noncommuta- 
tive and/algebroid symmetries even at classical level, or generalized config- 
urations in order to contain contributions of torsion, nonmetricity and/or 
string fields in various generalized models of Lagrange-Hamilton algebroids, 
string, brane, gauge, metric-affine and Finsler-Lagrange gravity, see Refs. 

[la El 0139]. 

5 Ricci Flows and Parametric Nonholonomic De- 
formations of the Schwarzschild Metric 

We construct new classes of exact solutions for Ricci flows and non- 
holonomic deformations of the Schwarzschild metric. There are analyzed 
physical effects of parametrized families of generic off-diagonal flows and 
interactions with solitonic pp-waves. 

5.1 Deformations and flows of stationary backgrounds 

Following the methods outlined Refs. t4il7j, we nonholonomically deform 
on angular variable (p the Schwarzschild type solution (j20p into a generic off- 
diagonal stationary metric. For nonholonomic Einstein spaces, we shall use 
an ansatz of type 

= eidK^ - r^2mi'' - rimr\i) (56) 
-r?4(C, ^, ^ViO sin2 ^ V + ^, 

6t = dt + n2iC,^)dC + n3{C,^)d^, 

where we shall use 3D spacial spherical coordinates, (^(r), 93) or {r,i!),ip). 
The nonholonomic transform generating this off-diagonal metric are defined 
by gi = Vidi and ha = r]aha where {gi, ha) are given by data dH]). 

5.1.1 General nonholonomic polarizations 

We can construct a class of metrics of type ([2]) with the coefficients 
subjected to the conditions (jlSp (in this case, for the ansatz (I56p with coor- 
dinates = ^,x^ = I?, = ip,y^ = t). The solution of (fTsp . for A = 0, in 
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terms of polarization functions, can be written 




(57) 



where ha are coefficients stated by the Schwarzschild solution for the chosen 
system of coordinates but 775 can be any function satisfying the condition 
7^ 0. We shall use certain parametrizations of solutions when 



-him' 



The polarizations r/2 and 773 can be taken in a form that r/2 

V" + V'" = 0, 



defining solutions of (|T2|) for A = 0. The solutions of and (|T5|) for vacuum 
configurations of the Levi Civita connection are constructed 

and any 3(^,1?) for which n'2{x) — n'{x) = 0. For any function r/5 ~ 
ai{^,-&)a2{(p), the integrability conditions (fTSj) and (fT9]) . 

We conclude that the stationary nonholonomic deformations of the Sch- 
warzschild metric are defined by the off-diagonal ansatz 



Sip 
5t 




(58) 



\V5\ I ^ 

dt + n2(i^ + n^d-d, 



where the coefficients do not depend on Ricci flow parameter A. Such vac- 
uum solutions were constructed mapping a static black hole solution into 
Einstein spaces with locally anistoropic backgrounds (on coordinate (/?) de- 
fined by an arbitrary function r/5(^, 'd, ip) with d^ijr, ^ 0, an arbitrary ■(/'(^, ??) 
solving the 2D Laplace equation and certain integration functions n2fi{S,,'&) 
and integration constant /ig. In general, the solutions from the target set of 
metrics do not define black holes and do not describe obvious physical situ- 
ations. Nevertheless, they preserve the singular character of the coefficient 
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'Up' vanishing on the horizon of a Schwarzschild black hole. We can also 
consider a prescribed physical situation when, for instance, r/5 mimics 3D, 
or 2D, solitonic polarizations on coordinates "i?, (/?, or on ^, ^p. 

For a family of metrics ()58p . we can consider the "nearest" extension to 
flows of N~connection coefficients ti;2,3 — ^^2,3(x) and n2,3 ^ f^2,3(x)) when 
for A = 0, and i^Q,/? = 0, the equation d?]) is satisfied if 



hi 



n ' d{w2,3f g(n2,3)' 



The metric coefficients for such Ricci flows are the same as for the exact 
vacuum nonholonomic deformation but with respect to evolving N-adapted 
dual basis 

^^ix) = dip + W2{i,^,^,x)di + w^{i,^,(p,x)d-&, (60) 



with the coefficients being defined by any solution of (j59j) and (|T8|) and (|T9|) 
for A = 0. 

5.1.2 Solutions with small nonholonomic polarizations 

In a more special case, in order to select physically valuable configura- 
tions, it is better to consider decompositions on a small parameter < e < 1 
in ([58]). when 



/M = ql{i,V,'&)+eq\{i,ip,'9)+e''ql{i,ip,'9)..., 

where the "hat" indices label the coefficients multiplied to e,e , .. i The 
conditions (j57p are expressed in the form 




--ql, e^/ioy|J^I (qt) =£ql^-- 

This system can be solved in a form compatible with small decompositions 
if we take the integration constant, for instance, to satisfy the condition 
e/iQ = 1 (choosing a corresponding system of coordinates). For this class of 



Of course, this way we construct not an exact solution, but extract from a class of 
exact ones (with less clear physical meaning) certain subclasses of solutions decomposed 
(deformed) on a small parameter being related to the Schwarzschild metric. 
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small deformations, we can prescribe a function and define ^5, integrating 
on ip (or inversely, prescribing then taking the partial derivative d^, to 
compute ^4). In a similar form, there are related the coefficients q\ and q^. A 
very important physical situation is to select the conditions when such small 
nonholonomic deformations define rotoid configurations. This is possible, for 
instance, if 

2^5 = ^^sm(cJo<^ + ¥'o) - ^, (61) 

where and (pQ are constants and the function qQ{r) has to be defined 
by fixing certain boundary conditions for polarizations. In this case, the 
coefficient before 5t^ is approximated in the form 

r^^^'2 = i_'^_t + e{^^+2ql). 

This coefficient vanishes and defines a small deformation of the Schwarz- 
schild spherical horizon into a an ellipsoidal one (rotoid configuration) given 
by 

2ii 

r+ ~ . 

1 + £^sin(a;o<^ + V^o) 

Such solutions with ellipsoid symmetry seem to define static black ellip- 
soids (they were investigated in details in Refs. [40l |4l]). The ellipsoid 
configurations were proven to be stable under perturbations and transform 
into the Schwarzschild solution far away from the ellipsoidal horizon. This 
class of vacuum metrics violates the conditions of black hole uniqueness 
theorems [30] because the "surface" gravity is not constant for stationary 
black ellipsoid deformations. So, we can construct an infinite number of 
ellipsoidal locally anisotropic black hole deformations. Nevertheless, they 
present physical interest because they preserve the spherical topology, have 
the Minkowski asymptotic and the deformations can be associated to cer- 
tain classes of geometric spacetime distorsions related to generic off-diagonal 
metric terms. Putting ipQ = 0, in the limit ujq — > 0, we get q\ —> Q m ([6T]). 
This allows to state the limits q^ ^ 1 for e ^ in order to have a smooth 
limit to the Schwarzschild solution for e — > 0. Here, one must be empha- 
sized that to extract the spherical static black hole solution is possible if we 
parametrize, for instance. 



OLp = dip + e , ^ -^ — a4 -I- e— — ^ dv 
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and 

5t = dt + en2{t + ens^^, d)d§. 

One can be defined certain more special cases when and q\ (as a 
consequence) are of solitonic locally anisotropic nature. In result, such solu- 
tions will define small stationary deformations of the Schwarzschild solution 
embedded into a background polarized by anisotropic solitonic waves. 

For Ricci flows on N-connection coefficients, such stationary rotoid con- 
figurations evolve with respect to small deformations of co-frames (j60p . 
5ip{'x) and (5t(x), with the coefficients proportional to e. 

5.1.3 Parametric nonholonomic transforms of the Schwarzschild 
solution and their flows 

The ansatz (I58p does not depend on time variable and posses a Killing 
vector d/dt. We can apply parametric transforms and generate families of 
new solutions depending on a parameter 9. Following the same steps as for 
generating (jSip . we construct 



= -e^ {rj^(^B)de + mm^^) (62) 



2 




2 



-hlw"^ [y/\rk\] \ ??4(^)V +%^%5(^)<5t 
dtp = dip + in^(e) ^ " , tig + r?.^(6') ^ d'd, 



6t = dt + ?f^{e)n2{^,^)dC + ^mMC,'&)d^, 



where polarizations rjQ{(,,'d, ip,6) and r/?(^, 0) are defined by solutions 
of the Geroch equations for Killing symmetries of the vacuum metric (j58p . 
Even this class of metrics does not satisfy the vacuum equations for a typical 
anholonomic ansatz, they define vacuum exact solutions and we can apply 
the formalism on decomposition on a small parameter e like we described in 
previous section [5.1.21 (one generates not exact solutions, but like in quantum 
field theory it can be more easy to formulate a physical interpretation). For 
instance, we consider a vacuum background consisting from solitonic wave 
polarizations, with components mixed by the parametric transform, and 
then to compute nonholonomic deformations of a Schwarzschild black hole 
self-consistently imbedded in a such nonperturbative background. 

Nonholonomic Ricci flows induced by the N-connection coefficients are 
given by flow equations of type ([60]) . S(p{x) and 6t{x), with the coefficients 
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depending additionally on X; for instance, 



Of course, in order to get Ricci flows with the Levi Civita connection, the 
coefficients of (|62p and evolving N-connection coefficients (|63p have to be 
additionally constrained by conditions of type ()18l) and ()19p for A = 0. 

5.2 Anisotropic polarizations on extra dimension coordinate 

On can be constructed certain classes of exact off-diagonal solutions 
when the extra dimension effectively polarizes the metric coefficients and 
interaction constants. We take as a primary metric the ansatz ()22p (see the 
parametrization for coordinates for that quadratic element, with = if, 
= "i?, = ^, = K, = t) and consider the off-diagonal target metric 

-^sfs^] = -rl d^^ - r] r?2(e, ^)dd'' + r?3(C, ^A^) 

+£4 7?4(C,i?,x)5x^+r/5(e,^?,^) h iCJ) St^ 
5x = d>f: + W2{^,'&,x)d^ + W3{C,'d,x)d'd, (64) 
6t = dt + n2{^,'d,x)d^ + n3{^,^,x)d'd. 

The coefficients of this ansatz, 

gi = -rl,g2 = -rg ??2(C,i9),53 = V3{^,'&)g3{'&), 

are subjected to the condition to solve the system of equations p^ - (fT5|) 
with a nontrivial cosmological constant defined, for instance, from string 
gravity by a corresponding ansatz for //-fields with A = or other 

type cosmological constants, see details on such nonholonomic configurations 
inRefs. [HE]. 

The general solution is given by the data 

-rg r]2= r?353 = exp2V'(C,i9), (65) 
where ip is the solution of 

+ < = A, 
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^4 



hi{cJ)[ncJ,xfmJ,><)\ (66) 



= [/(C,^,x)-/o(C,^)] , 

where 

The N-connection coefficients = Wi{S^,i}, >c), Nf = ni{^,i},>c) are com- 
puted following the formulas 

^ = n . (67) 



i2 



[r(c,^,. 
[/(e,^,x)-/o(e,^?)]' 



The solutions depend on arbitrary nontrivial functions /(^,'(?,x) (with 

/* / 0), /o(C,i?), /io('?>^)' mi^,^)^ nfc[i](^'^) and ^^[2] (?, i9), and value of 
cosmological constant A. These values have to be defined by certain bound- 
ary conditions and physical considerations. In the sourceless case, <f[o] — > 1. 
For the Levi Civita connection, we have to consider /iq(,^,i?) — > const and 
have to prescribe the integration functions of type n^^j = ^^d n^^-j^j solving 
the equation d^n2[i] = d^n^^ij, in order to satisfy some conditions of type 
(dHD and ([IS]). 

The class of solutions (I64p define self-consistent nonholonomic maps of 
the Schwarzschild solution into a 5D backgrounds with nontrivial sources, 
depending on a general function /(^,t?, x) and mentioned integration func- 
tions and constants. Fixing /(^,?9, x) to be a 3D soliton (we can consider 
also solitonic pp-waves as in previous sections) running on extra dimension 
X, we describe self-consisted embedding of the Schwarzschild solutions into 
nonlinear wave 5D curved spaces. In general, it is not clear if any target 
solutions preserve the black hole character of primary solution. It is neces- 
sary a very rigorous analysis of geodesic configurations on such spacetimes, 
definition of horizons, singularities and so on. Nevertheless, for small non- 
holonomic deformations (by introducing a small parameter e, like in the 
section I5.1.2P , we can select classes of " slightly" deformed solutions preserv- 
ing the primary black hole character. In 5D, such solutions are not subjected 
to the conditions of black hole uniqueness theorems, see [30] and references 
therein. 
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The ansatz (j64p posses two Killing vector symmetries, on d/dt and d/dtp. 
In the sourceless case, we can apply a parametric transform and generate 
new families depending on a parameter 0' . The constructions are similar to 
those generating (j62p (we omit here such details). Here we emphasize that 
we can not apply a parametric transform to the primary metric (|22p (it is 
not a vacuum solution) in order to generate families of parametric solutions 
with the aim to subject them to further anholonomic transforms. 

For nontrivial cosmological constant (normalization) , the metric (|64p can 
be generalized for nonholonomic Ricci flows of type 

^^l>.x] = -''I - '?2(e, ^, x)d^'' + ^3(e, ^, xTam de 

+64 r/4(e, l9, X)5x2 + 775 (e, l9, X) /i5 (e, l9) 

5x = dx + W2{^,^,>i)d^ + W3{^,^,x)d^, (69) 
5t(x) = (it + n2(e,^9,x)de + n3(e,^?,^,x)d^- 

where the equation ^ imposes constraints of type (fTTj) 

|^[<?2,3(e,^,X)+/i5(C,^,x) (n2,3(e,^,>^,X))'] =0, 
with is very different from constraints of type (j59p . for 



52 = r/2(C,^,x),53 = %(C,^^,X)53(^), /is = %(C,i9,x) /15 (^,1?), 

i2 



For holonomic Ricci flows with the Levi Civita connection, we have to con- 
sider additional constraints 

V'"(X)+/(X) = A (70) 
hl(j)/h4,h5 = A, 
W2 — w' + 11)3102 — W2W3 = 0, 
"2(x)-"-3(x) = 0. 

for 

92{CJ,X) = 53(C,^,X)=e''^«''^'^U4 = 64^?4(C,^,>^), 



[r(e,^, 



W2 = d^cp/^*, where ip = -ln A/IMisI / 1 /15 

?^2,3(X) = 4^3(^'^'X)- 
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This class of Ricci flows, defined by the family of solutions (j69p describes 
deformed Schwarzschild metrics, running on extra dimension coordinate x 
with mutually compatible evolution of the h-component of metric and the 
n-coefficients of the N-connection. 

5.3 5D solutions with nonholonomic time like coordinate 

We use the primary metric (j24p (which is not a vacuum solution and does 
not admit parametric transforms but can be nonholonomically deformed) 
resulting in a target off-diagonal ansatz, 

6t = dt + W2{CJ,t)dC + W3{^J,t)d^, (71) 
dx = d>c + n2{i,^,t)di + n'i{i,-d,t)d-d, 

where the local coordinates are established = 9?, = i?, = ^, = 
t, = X and the polarization functions and coefficients of the N-connection 
are chosen to solve the system of equations (fT2]) - (fT5]l . Such solutions are 
generic 5D and emphasize the anisotropic dependence on time like coordi- 
nate t. The coefficients can be computed by the same formulas (I65p and (I66p 
as in the previous section, for the ansatz (j64p . by changing the coordinate 
t into X and, inversely, x into t. This class of solutions depends on a func- 
tion f{^-,'&,t), with dtf 7^ 0, and on integration functions (depending on ^ 
and •&) and constants. We can consider more particular physical situations 
when /(^j"!?, t) defines a 3D solitonic wave, or a pp-wave, or their super- 
positions, and analyze configurations when a Schwarzschild black hole is 
self-consistently embedded into a dynamical 5D background. We analyzed 
certain similar physical situations in Ref. [12] when an extra dimension 
soliton "running" away a 4D black hole. 

The set of 5D solutions (j7ip posses two Killing vector symmetry, d/dt 
and 9/9x, like in the previous section, but with another types of vectors. 
For the vacuum configurations, it is possible to perform a parametric trans- 
form and generate parametric (on 9') 5D solutions (labelling, for instance, 
packages of nonlinear waves). 

For nontrivial cosmological constant (normalization), the metric (17ip 
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'^^[3i,x] 



also can be generalized to describe nonholonomic Ricci flows 

6t = dt + W2{C,'&,t)d^ + W3{^J,t)d^, 

5k{x) = dH + n2iC,^,t,x)dC + n3{C,^,t,x)d^, 



(72) 



where the equation ^ imposes constraints of type ([TT]) 
for 



92 = -rg miC,'&,x),93 = m{S.,^,x)93i^), h = e5r]5{t^,t) 



nf{^,^,x)+n'{K^,^,,x) 



[/(e,^?,t)-/o(e,^)] 



M^,^,t)dt. 



For holonomic Ricci flows with the Levi Civita connection, we have to con- 
sider additional constraints of type ([70]) with re-defined coefficients and 
coordinates, when 



92{^,^,X) 
w. 

n2,3{x) 



93 



d:-(j)/(p*, where f 
n%{^J,x)- 



In 



^/\^uh\/\K\ 



This class of Ricci flows, defined by the family of solutions (I72p describes 
deformed Schwarzschild metrics, running on time like coordinate t with 
mutually compatible evolution of the h-component of metric and the n- 
coefficients of the N-connection. 



6 Discussion 

We constructed exact solutions in gravity and Ricci flow theory following 
superpositions of the parametric and anholonomic frame transforms. A 
geometric method previously elaborated in our partner works [H |7] was 
applied to generalizations of valuable physical solutions (like solitonic waves, 
pp-waves and Schwarzschild metrics) in vacuum gravity. In this work, our 
investigations were restricted to nonholonomic Ricci flows of the mentioned 
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type solutions modelled with respect certain classes of compatible metric 
and associated nonlinear connection (N-connection) coefficients when the 
solutions of evolution/ field equations can be obtained in general form. 

The first advance is the possibility to generalize vacuum metrics by al- 
lowing realistic string gravity or matter field sources which can be encoded 
as an effective (in general, nonhomogeneous) cosmological constant on non- 
holonomic (pseudo) Riemannian spaces of dimensions four and five (4D and 
5D) and deriving nonlinear solitonic and pp-wave interactions and their 
Ricci flows. 

The second kind of progress is the proof of existence of multi-parametric 
transforms, associated to certain Killing symmetries, like the Geroch equa- 
tions [28^129]. mapping certain target metrics (in our case of physical impor- 
tance) into different classes of generic off-diagonal exact solutions admitting 
different scenarios of Ricci flows depending on the type of nonholonomic 
frame constraints. 

The outcome of the flrst advance is rather satisfactory: we can in a sim- 
ilar way consider parametric deformations of metrics and flows of geometric 
and physical objects by obtaining, for instance, static rotoid conflgurations, 
solitonic and pp-wave propagation of black holes on time like and extra 
dimension coordinates. 

However, the outcome of the second kind of progress raises as many 
problems as it solves: we should provide a physical motivation for the multi- 
parameter dependence and 'hidden' Killing symmetry under nonholonomic 
deformations. If one of the parameters is identifled with the Ricci flow pa- 
rameter, it may be considered to describe a corresponding evolution. In gen- 
eral, this may be associated to chains of Ricci multi-flows but not obligatory. 
We have to speculate additionally on physical meaning of such parametric 
solutions both for vacuum gravitational and Einstein spaces and in Ricci 
flow theory when metrics and connections are subjected to nonholonomic 
constraints on coefficients and associated frames. 

Whereas most previous work on Ricci flow theory and applications has 
concentrated on some approximate methods and simplest classes of solu- 
tions, the present paper aims to elaboration of general geometric methods of 
constructing solutions and deriving their physically important symmetries. 
There were stated exact principles how the physically important solutions 
in gravity theories can be deformed in multi-parametric ways to describe 
off-diagonal nonlinear gravitational and matter field interactions and the 
evolution of physical and geometric objects. The first step was to derive 
exact solutions in the most possible general form preserving dependence 
not only on transform and flow parameters but on classes of generating 
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and integration functions and constants. Further work would be needed 
to analyze more rigorously certain important physical effects with exactly 
defined boundary and initial conditions when the integration functions and 
constants are defined in explicit form. 

Acknowledgement: The work is performed during a visit at Fields 
Institute. 

A Cosmological Constants and Strings 

The simplest way to perform a local covariant calculus by applying d- 
connections is to use N-adapted differential forms and to introduce the d- 
connection 1-form F"^ = F'^^^e''', when the N-adapted components of d- 
connection = (e^jD) are computed following formulas 

F^„^(^z) = (D„e^)Je^, (A.l) 

where "J" denotes the interior product. This allows us to define in N— 
adapted torsion T = {T"}, 

= De° = de° + F"^ Ae„, (A.2) 

and curvature R = {TZ"^}, 

7^°^ = DF^ = dF^-F^^AF%. 

In string gravity, the nontrivial torsion components and string correc- 
tions to matter sources in the Einstein equations can be related to certain 
effective interactions with the strength (torsion) 

of an antisymmetric field Byp, when 

Rpv = —-^H^'^HuXp (A. 3) 

and 

DxH^^" = 0, (A.4) 

see details on string gravity, for instance, in Refs. [H [6]. The conditions 
()A.3P and ()A.4p are satisfied by the ansatz 

H^yp = Z^yp + Hpiyp = \h]\/\ 9ai3 \^u\p (A-5) 
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where £i,\p is completely antisymmetric and the distorsion (from the Levi— 
Civita connection) and 

is defined by the torsion tensor ()A.2p . which for the canonical d-connection 
is induced by the coefficients of N-connection, see details in [lOl [HI [U [2]. 
We emphasize that our i/-field ansatz is different from those formally used 
in string gravity when H^^yp = \[h]-\/\ 9ap l^uXp- In our approach, we de- 
fine Hpyp and Z^j^p from the respective ansatz for the i?-field and non- 
holonomically deformed metric, compute the torsion tensor for the canon- 
ical distinguished connection and, finally, define the 'deformed' H-field as 

Hp,up = \H]y^\ 9al3 l^uXp — Zp_jjp. 
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